Abstract. A set of subgroups of a group is said to be a partition if every nonidentity element belongs to one and only one subgroup in this set. The study of groups with partition dates back to a paper by Miller published in 1906 ([11]). In this paper we study the structure of loops that are partitioned by subgroups.
Introduction
A set of subgroups of a group is said to be a covering if the group is the settheoretic union of subgroups in the set. Coverings of groups with subgroups that possess different properties have been widely studied, and recently analogous problems for loops covered by subloops and subgroups have been studied [6] . A group partition is a covering with trivial intersections. The study of groups with partition dates back to a paper by Miller published in 1906 ( [11] ). In 1961 Baer, Kegel and Suzuki completed the classification of partitions of finite groups, see [1, 9, 12] . Theorem 1.1 (The Classification Theorem). It holds that G is a finite group admitting a nontrivial partition if and only if G is isomorphic with exactly one of the following groups:
(1) S 4 , (2) a p-group with H p .G/ ¤ G and jGj > p, where H p .G/ D hx 2 G j x p ¤ 1i, (3) a group of Hughes-Thompson type, (4) a Frobenius groups, (5) PSL.2; p n / with p n 4, (6) PGL.2; p n / with p n 5 and p odd,
where p is a prime and n is a natural number.
R. Atanasov and T. Foguel
In 1973 I. M. Isaacs published a paper [7] concerning equally partitioned groups, that is to say, groups with a nontrivial partition such that all component subgroups have the same order. In that paper Isaacs proved that: Theorem 1.2 (Isaacs) . It holds that G is an equally partitioned finite group if and only if G is a p-group with exponent p.
In this paper we look at loops that are partitioned by groups and those that are equally partitioned by groups. We construct a family of loops that are equally partitioned by groups that can have any exponent. We also show that for certain families of loops Isaacs' results extend to loops.
Preliminaries
In this section, we review a few necessary notions and definitions from loop theory, and establish some notation conventions.
A magma consists of a set L together with a binary operation on L. For x 2 L, define the left (resp., right) translation by x by L.x/y D xy (resp., R.x/y D yx) for all y 2 L. A magma with all left and right translations bijective is called a quasigroup. A quasigroup L is an idempotent quasigroup if for any x 2 L one has xx D x. A quasigroup L with a two-sided identity element 1 such that for any x 2 L, x1 D 1x D x is called a loop. A loop L is power-associative if for any x 2 L, the subloop generated by x is a group. For basic facts about loops and quasigroups, we refer the reader to [3] .
The center of a loop L is defined by
Given a loop L, a subloop K is said to be normal if it is the kernel of a homomorphism or, equivalently, if for all x; y 2 L, x.yK/ D .xy/K, xK D Kx, and .Kx/y D K.xy/ ([2, p. 60, Section IV.1]). These three conditions are clearly equivalent to the pair x.Ky/ D K.xy/ and x.Ky/ D .xK/y for all x; y 2 K. Note that the center of a loop is a normal subloop.
Loops partitioned by groups
Let L be a loop. We define several types of partitions on L. Let … D ¹H 1 ; : : : ; H n º be a collection of subloops of L. We say … is a covering of L if every element x 2 L belongs to at least one subloop H i 2 …, i D 1; 2; : : : ; n. A covering … is said to be a partition of L if every element x 2 L ¹1º belongs to one and only one subloop H i 2 …, i D 1; 2; : : : ; n. The partition is proper if n > 1.
A subgroup of a loop L is an associative subloop. A covering … of L is said to be a group covering if all subloops of the covering are subgroups of L. A group covering of L will be denoted by … D ¹H 1 ; : : : ; H n º. A group covering which is a partition will be called a group partition (G-partition) of L if every element x 2 L ¹1º belongs to one and only one subgroup H i 2 …. A G-partition of L is said to be an equal group partition (EG-partition) if jH i j D jH j j for all 1 Ä i; j Ä n. A partition or a G-partition … is proper if j…j > 1. For the rest of the paper we will assume that all loops are power associative unless otherwise stated. 4 Equally group partitioned loops of arbitrary exponent Definition 4.1. Let .S; C; / be an algebraic structure such that .S; C/ is a loop with identity 0 and .S ¹0º D S ; / is a quasigroup. Let .Q;ˇ/ be an idempotent quasigroup. Let L .Q/ .S/ D ¹a q .x/ W x 2 S and q 2 Qº [ ¹1º (i.e. each element of the form a q .x/ in this set is double indexed by q and x) and we define a binary operation on L .Q/ .S/ as follows:
(ii) For x; y 2 S ,
We will call Q the basis of L .Q/ .S/.
It is shown in [5, Lemma 4.3] that
Lemma 4.2. The set L .Q/ .S/ is a loop with identity 1.
Example 4.3. Let Q be the idempotent quasigroup of order 3. Then L .Q/ .Z 3 / has an EG-partition. It is a loop of exponent 3 and order 7 with the following multiplication table.
A more general version of this amalgam construction appears in [10] .
Remark 4.5. For convenience we will also denote the identity 1 by a q .0/, and thus
Remark 4.6. One has jQj 3 since Q is an idempotent quasigroup.
Remark 4.7. Given a finite loop L with a binary operation C and identity 0, we can define .S; C; / by letting S D L as a set, setting .S; C/ D .L; C/ and letting 0 a D a 0 D 0 for all a 2 S and enumerating S and giving it a binary operation of a cyclic group of order jS j.
Lemma 4.8. If .S; C/ is a group, then L .Q/ .S/ has an EG-partition by subgroups isomorphic to .S; C/ and L .Q/ .S/ has the same exponent as .S; C/.
Corollary 4.9. For all n > 1 there exists a loop with a proper EG-partition of exponent n.
Note that according to Theorem 1.2, any group with a proper EG-partition will have prime exponent.
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Group partitioned loops and homomorphic power property
The motivation for this section was a lemma by Isaacs published in [7] . In this, as Isaacs calls it, easy lemma, he proved that: If a finite group G has a partition …, and x; y 2 G ¹1º are such that xy D yx and x and y lie in different subgroups of the partition, then x and y have equal prime orders. From the proof of this lemma it is clear that the associativity and the fact that x and y commute can be substituted with a condition that .xy/ n D x n y n , which gives an idea to consider G-partitions of loops in which this property is satisfied.
Note that all loops of exponent 2 have HPP and that a diassociative loop L has HPP if and only if it is commutative. Also note that if L 1 and L 2 have HPP then so does L 1 L 2 . In fact HPP defines a variety of loops and, hence, is closed under products, homomorphic images, and subloops. Proof. We only need to show that L has AIP, which holds since
The proof is complete.
The multiplication group of a loop L is the permutation group Mlt.L/ generated by each L.x/ and each R.x/ for x 2 L. The inner mapping group of L is the subgroup Inn.L/ of Mlt.L/ which fixes the identity element. Remark 5.6. Let L be a loop with a G-partition ….
Lemma 5.7. Let L be a finite loop with a diassociative partition … and further let x; y 2 L ¹1º with .xy/ n D x n y n for all n 2 N. If x and y lie in different elements of …, then x and y have equal orders. Proof. Let x 2 H i and y 2 H j where i ¤ j . Without loss of generality assume that r D jxj < jyj. Since 1 ¤ y r D x r y r D .xy/ r 2 H j , it follows that xy 2 H j . Since H j is a group, we have x D xyy 1 2 H j which is a contradiction. Hence we get jxj D jyj D r.
Lemma 5.8. Let L be a finite loop with a diassociative partition … and further let x; y 2 L ¹1º with .x k y t / n D x k n y tn for all k; t; n 2 N. If x and y lie in different elements of …, then x and y have equal prime orders.
Proof. By Lemma 5.7, x and y have the same order. Suppose jxj D jyj D sp where s > 1 and p is a prime number. Since .x s y/ n D x sn y n for n 2 N, applying Lemma 5.7 again, we get jxj D jyj D jx s j, which implies s D 1. Hence, x and y have equal prime orders.
Theorem 5.9. Let L be a finite noncyclic loop with HPP. The following statements are equivalent:
(1) L has a proper group partition.
(2) L has a proper diassociative partition.
(3) L has exponent p where p is a prime.
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Proof. We immediately have two of the implications in the theorem: (3) implies (1) by Lemma 3.3 and (1) trivially implies (2). We will prove that (2) Since every abelian group is a Moufang loop, the following corollary follows immediately from the previous one.
Corollary 5.11. Let L be a finite abelian group. Then L has a proper G-partition if and only if L has exponent p where p is a prime.
Remark 5.12. The previous corollary follows also from the Classification Theorem (Theorem 1.1) . If G is a finite abelian group, then it must satisfy part (2) of Theorem 1.1, which implies that G has exponent p.
Remark 5.13. It is clear from the proof of Theorem 5.9 that when L is a finite noncyclic loop with HPP and prime exponent, then L has a proper EG-partition. Similar comment holds for the previous two corollaries. 6 Group partitioned loops and centrally nilpotency
we say that L is centrally nilpotent of class n. 
Note that this loop has an EG-partition and it is a 2-loop in terms of its exponent but not in terms of its order. This loop is not centrally nilpotent; in fact it is a simple loop.
Definition 6.3. Let L be a finite power associative loop of exponent a power of p. We define
We will see in the theorem below that a centrally nilpotent loop with a G-partition satisfies both definitions of p-loops. Proof. Let … D ¹H 1 ; H 2 ; : : : ; H n º be a proper G-partition on the loop L and let x 2 Z.L/ ¹1º. There is an H i 2 … such that x 2 H i . Let y 2 H j ¤ H i . Since x 2 Z.L/, we have .x t y k / n D x tn y k n for all k; n; t 2 N. By Lemma 5.8 we have that jxj D jyj D p. We will show that every nonidentity element of Z.L/ has order p. Indeed, let t 2 Z.L/ hxi. If t 2 H i , then t and y belong to different subgroups of the partition … and, by Lemma 5.8, we have that jt j D jyj D p. If t 2 H k ¤ H i , then, again by Lemma 5.8, we have that jtj D jxj D p. Since Z.L/ is abelian and every element of Z.L/ has order p, it follows that Z.L/ is an elementary abelian group.
Assume that L is not of exponent p. Then jÃ p .L/j > 0, so there is an element z 2 Ã p .L/. Let x 2 Z.L/ ¹1º. Since jxj ¤ jzj, it follows that x; z 2 H i for some Since L is a finite centrally nilpotent loop of class m, it follows that L has an upper central series
From the proof of the previous theorem we have the following corollary. The following theorem is an easy corollary to Theorem 1.2. However, our aim here is to prove it using Lemma 5.7.
Theorem 6.7. Let L be a finite noncyclic centrally nilpotent group. Then L has a proper EG-partition if and only if L has exponent p where p is a prime.
Proof. By Lemma 3.3, if L has exponent p, then it has a proper EG-partition.
Assume that L has a proper EG-partition … and that jÃ p j > 0. Then, by Theorem 6.6, there exist H i ; H j 2 … such that Ã p H i ; Ã p \ H j D ;.
We will show that H j acts semi-regularly by conjugation on Ã p . Since L is a group, Ã is closed under conjugation. Let h 1 ; h 2 2 H j and x 2 Ã p such that h 1 x D h 2 x. Then h 1 xh 1 D 1, i. e. h 1 D h 2 . Therefore, the action is semi-regular and jH j j Ä jÃ p j. Since … is an EG-partition, this is a contradiction because 0 < jÃ p j < jH i j D jH j j. Definition 6.8. A loop L is automorphic (or an A-loop, for short) if Inn.L/ is a group of automorphisms of L.
Conjecture 6.9. Let L be a finite centrally nilpotent A-loop. Then L has a proper EG-partition if and only if L has exponent p where p is a prime.
Remark 6.10. In [8] the authors construct a family of nonassociative A-loops of order p 3 and exponent p with trivial center. Since the center is trivial, these loops are not centrally nilpotent. However, since they have exponent p, they have an EG-partition.
